This article was downloaded by:

On: 14 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Molecular Simulation

Publication details, including instructions for authors and subscription information:

M 0 L EC U L A R http://www.informaworld.com/smpp/title~content=t713644482
SIMULATION

Mitosis method for directly calculating the interfacial free energy of nuclei
Nathan Duff; Baron Peters®

@ Department of Chemical Engineering, University of California, Santa Barbara, CA, USA ®
Department of Chemistry and Biochemistry, University of California, Santa Barbara, CA, USA

Online publication date: 03 August 2010

To cite this Article Duff, Nathan and Peters, Baron(2010) 'Mitosis method for directly calculating the interfacial free
energy of nuclei', Molecular Simulation, 36: 7, 498 — 504

To link to this Article: DOI: 10.1080/08927022.2010.483684
URL: http://dx.doi.org/10.1080/08927022.2010.483684

PLEASE SCROLL DOWN FOR ARTICLE

Full ternms and conditions of use: http://ww.informworld.confterns-and-conditions-of-access. pdf

This article nay be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
wi |l be conplete or accurate or up to date. The accuracy of any instructions, fornulae and drug doses
shoul d be independently verified with prinmary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713644482
http://dx.doi.org/10.1080/08927022.2010.483684
http://www.informaworld.com/terms-and-conditions-of-access.pdf

17: 08 14 January 2011

Downl oaded At:

Molecular Simulation
Vol. 36, Nos. 7-8, June—July 2010, 498-504

Taylor & Francis
Taylor & Francis Group

Mitosis method for directly calculating the interfacial free energy of nuclei

Nathan Duff® and Baron Peters®*

“Department of Chemical Engineering, University of California, Santa Barbara, CA, USA; *Department of Chemistry and Biochemistry,

University of California, Santa Barbara, CA, USA

(Received 21 December 2009; final version received 5 April 2010)

Nucleation from solution is an important first step in many natural and industrial phase transformations. In contrast to
nucleation in pure component systems, the nucleation of solutes from solution remains a major challenge for simulation.
The challenge stems from difficulty in inserting solutes to maintain an excess solute chemical potential in solution as the
pre-critical nucleus grows. We present a ‘mitosis’ method to estimate the effective interfacial free energy of nanoscale
nuclei in solution. The new method circumvents the need for controlling chemical potential by particle insertion, and thus it
can provide insight on real crystal nucleation processes in explicit solvents. To test the new mitosis method, we demonstrate
it on the Potts lattice gas model of nucleation from solution. This lattice model enables an alternative method for computing
the interfacial free energy that has been used in simulations of nucleation in pure component systems. The two methods for
computing the interfacial free energy agree to within 6%. This confirms that the mitosis method is a viable approach for
computing the interfacial free energy of solute nuclei in real solutions. The method should facilitate a molecular level
understanding of how solvents and additives influence nucleation rates and polymorph selection.
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1. Introduction

Simulations of nucleation in pure component systems
often compute the free energy as a function of nucleus size
by importance of sampling along a nucleus size coordinate
in canonical or isothermal—isobaric ensembles [1-23].
Unfortunately, this approach has been unsuccessful for
nucleation from solution because the excess solute
chemical potential (the driving force) cannot be main-
tained throughout the nucleation process. Alternatively,
some simulations of nucleation identify the critical
nucleus size by studying the trajectories that relax from
a seeded configuration [19,24-30]. In the seeded
simulation approach, the critical nucleus size is identified
as the size from which nuclei have an equal tendency to
grow or dissolve back into solution [12,30-32]. Again,
seeded simulations face particular challenges for nuclea-
tion of solutes from an explicit solvent. When seeded
trajectories are computed with a fixed number of solutes
and solvents, growth and dissolution are artificially self-
arrested. This occurs because the solute concentration
in the surrounding solution is depleted or enriched as the
nucleus grows or dissolves, respectively [33].
Simulations in the grand canonical ensemble preserve
the chemical potential driving forces for nucleation from
multicomponent vapours [20,21,29], but they are imprac-
tical for nucleation from explicit solvents. The impasse
stems from the low acceptance probability for inserting a
solute molecule into a dense liquid phase [34]. Several

methods have been developed to improve the probability
of solute insertion and removal including particle
insertions into cavities [35], configurational bias moves
[36—38] and staged fractional insertion methods [38—40].
The semigrand canonical ensemble of Kofke and Glandt
[41] uses solute—solvent exchange moves instead of
particle insertions. Despite these advanced methods,
chemical potential remains extremely difficult to control
in simulations of crystal nucleation from solution [15].

Classical nucleation theory (CNT) [42,43] has been
widely used to study pure component nucleation. CNT
relies on bulk thermodynamic values for the interfacial
free energy and for the chemical potential driving force.
The bulk thermodynamic values are intuitively inap-
propriate for nanoscale nuclei, and, indeed, using the
thermodynamic values of the driving force and interfacial
free energy gives nucleation rates that are many orders of
magnitude different from experimental values [44—47].
Therefore, simulation methods that calculate the macro-
scopic surface tension [48—50] are not applicable for
nucleation.

Nevertheless, simulations suggest that some aspects of
CNT are qualitatively correct [3—7,10,11]. Specifically, a
variety of systems show that the free energy as a function
of nucleus size resembles the form F(n) = et + Verr
n*? as predicted by CNT, but with effective values for the
driving force (uesr) and interfacial free energy (7yeg) that
are appropriate at the nanoscale.
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We show how seeded simulations can be used to
estimate the interfacial free energy for nanoscale nuclei.
The interfacial free energy strongly influences the free
energy barrier to nucleation. The mitosis method relates
the interfacial free energy to the reversible work required
to form two nuclei of size n from one nucleus of size 2n.
The composition of the surrounding solution does not
change during the nucleus scission, so for points far from a
critical concentration there is no need to control chemical
potential with solute insertions. The method is therefore
easy to implement using hybrid Monte Carlo (MC)
and molecular dynamics algorithms in packages such as
GROMACS [51], AMBER [52], NAMD [53], CHARMM
[54] and LAMMPS [55].

Mitosis simulations may help engineer solvents or
additives to enhance or inhibit nucleation by changing the
interfacial free energy. Furthermore, the interfacial free
energy may depend on the structure or polymorph of the
growing nucleus [56]. By using the mitosis method while
requiring the nucleus to maintain a particular polymorph
structure, we can ask how the interfacial free energy for
nanoscale nuclei of a particular polymorph depends on
solvent properties and additives. Simulations of this type
may thus provide insight on polymorph selection. Such
insight could be gained by comparing how the interfacial
free energy of competing polymorphs depends on solvents
or additives. We note that computing the interfacial free
energy for nuclei of a specific polymorph would require
the use of polymorph-specific nucleus size coordinates as
described by Peters [9] to preserve the desired structure
during mitosis. Simulation results could also be compared
to experiments using recently developed techniques by
Kim et al. [57] to measure the interfacial free energy
of nano-sized crystals. Currently, these techniques still
require crystals that are larger than is computationally
feasible for atomistic simulations.

We provide an example of the mitosis method in the
Potts lattice gas (PLG) model of crystal nucleation from
solution [10]. For this lattice model, it is also possible to
estimate the interfacial free energy by the conventional
approach of first computing the free energy as a function of
nucleus size and then fitting the free energy profile to the
CNT form. We demonstrate that the two methods give
nearly the same estimate for the interfacial free energy.
We emphasise that, of these two methods, only mitosis
is currently feasible for simulating nucleation from a
solution with explicit solutes and solvents.

2. Theory

In CNT, the free energy to form a nucleus of # monomers
in an incompressible phase is given by

AF(n) = nAp + n*P o, (1
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where AF(n) is the free energy, n is the number of particles
in the nucleus, A is the chemical potential difference
between phase of the embryo and the bulk phase, o is the
bulk interfacial tension between the two phases and ¢ is
a shape factor for the nucleus. Qualitative aspects of
Equation (1) are supported by nucleation experiments. For
example, the experimentally verified Lifshitz—Slyozov
law for ripening in solution arises naturally from the
don 3 term in Equation (1) [58,59]. Simulations that
compute the nucleation barriers as a function of nucleus
size also suggest agreement with the general form of
Equation (1), as shown in Figure 1 [3-7,10,11]. However,
simulation results suggest that bulk thermodynamic
properties Ay, o and ¢ should be replaced by effective
properties at the nanoscale [3,11,19]. After adopting
effective values of Ay and o¢, Equation (1) reduces to

BFent(1) = pegen + e ™, ()

where . is the effective driving force, y.s is an effective
surface energy density and both of these quantities have
been normalised by kgT.

The mitosis method is motivated by the observation
that, according to CNT, splitting a nucleus of size 2n into
two smaller equally sized nuclei of size n requires only
work against the interfacial tension:

BAF = 2BFcnr(n) — BFent(2n)
= yeir(2 — 2%, 3)

Thus, the free energy change from splitting a large nucleus
into two smaller sub-nuclei of equal size would provide
an estimate of the effective interfacial free energy for a
nanoscale nucleus.

Equation (3) suggests a simple and feasible procedure
for estimating the interfacial free energy. As the nucleus
is split into two equal sub-clusters, it is advantageous to
constrain these sub-clusters to a common axis for reasons
explained in the Appendix. With r defined as the centre of
mass distance between each sub-cluster, F(r) can be

60 T T T T T T

40

BF(n)

20

0 50 100 150 200
n

Figure 1. Free energy curve of PLG for kg7 = 0.8, fi/fo = 2.25,
A=10,A"=0.0, K=25/24, K = 1.0 and Q = 24. The black
points represent simulation results, and the grey curve is a least-
squares fit of Equation (2). The interfacial free energy from the
CNT fit is e = 7.4
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computed as a potential of mean force along r. The sub-
clusters will still form a single nucleus when r is small, as r
grows the sub-clusters will separate and become
independent nuclei. F(r) is analogous to an activation
barrier and can be directly related to the free energy
difference in Equation (3):

BAF = H e F0dr, “)
U

where L is the unit of length, and the integral over U is
the configurations at low free energies where the two sub-
clusters are conjoined. Combining Equations (3) and (4)
gives a direct equation to calculate the interfacial free
energy:

_ 1 _
Yeir = [(2 = 22 1ln{ZJ e BF<r>dr}. 5)

U

Equation (5) can also be related to the effective surface
tension (o). For example, if the nuclei are approximately
spherical,

Yeiin®® = 4R Boesr, ©)

where R is the droplet radius.

A key assumption of the mitosis method is that e is
constant with nucleus size. However, in the case of faceted
nuclei, y.;; may vary with nucleus size. In the case of
faceted NaCl crystal nucleation from the melt studied by
Zykova-Timan et al. [22], vy.¢ did not vary significantly
with nucleus size for nuclei larger than ~25. Therefore,
the method proposed here may also work for a faceted
system if n is sufficiently large.

One challenge with the mitosis method is to reversibly
split the nucleus so that the pair potential F(r) can be
computed accurately without any hysteresis effects. We
propose the use of a minimum bisection coordinate to
reversibly cut the nucleus into two parts. To find the
minimum bisection, we divide the nucleus into two
arbitrary initial sub-clusters of equal size. The bisection
coordinate ¢ is a continuous measure of the number of
contacts between these two sub-clusters:

g="> (1= 8ep)min(l, (r/r)™, (7

i#j

where the sum is over sites i in the first cluster and j in the
second cluster, and where r. is a typical distance for
monomer contacts. In Equation (7), c(i) = 1 if site i is in the
first sub-cluster, and c¢(i) = 2 if site i is in the second sub-
cluster. The bisection coordinate g depends on the
coordinates of all atoms in the cluster and also on how the
cluster is partitioned into two sub-clusters. The bisection
coordinate is large when the cluster is partitioned in a
manner that gives a large interface between the two sub-

clusters, and small when the interface between the sub-
clusters is small. The cluster partition that minimises the
interface between the two sub-clusters is found by an MC
simulation using g as an effective energy to sample different
partitions of a fixed cluster. The optimal partition for a given
cluster configuration is identified by a minimal bisection
coordinate that we denote as g,;,. The optimal partition and
¢min are found by swapping elements between sub-clusters
using an MC simulation. The MC move set consists of
randomly selecting a site in each of the two sub-clusters and
attempting to swap their sub-cluster membership assign-
ments. MC moves are accepted using the Metropolis-like
acceptance criteria where ¢ takes the place of energy:

Pace(qg— ¢') = min(1,exp[— (¢ — @)]). ®)

The MC simulation is run for 5000 MC sweeps with
the minimum ¢ configuration, g, being taken as the
optimal sub-cluster partition. Note that g,,;, continuously
decays to zero as the nuclei completely separate and move
apart into solution.

Splitting or recombining the nucleus by umbrella
sampling along ¢, avoids hysteresis errors that may
occur if umbrella sampling [60,61] is performed along
the coordinate r. To later obtain the potential of mean force
F(r), one should compute joint histograms of (gmin, ¥) While
sampling along the g,,;,-coordinate. The coordinate g,;, can
then be integrated to recover an accurate result for F(r).

3. PLG example

The PLG has been used previously to study nucleation
from solution [10] and laser-induced nucleation [62].
Here, we apply the mitosis method to determine the
surface free energy of a PLG system. The PLG has solvent
and solute lattice sites like a lattice gas, with the addition
of orientation-dependent interactions. Each lattice site has
Q possible orientations, where Q = 24 for a cubic lattice
site with no symmetric interactions. The PLG Hamiltonian
is defined as

H= =" mim){(K —A/Q)]+ 8yi)A)

<ij>

= > A= m@)(1 = mOIK —A'/Q)]

e
+ 8siy, s(pA' ), 9)

where m(i) = 1 if lattice site 7 is a solute, and m(i) = 0 if
lattice site i is a solvent, and the orientation of lattice site i is
given by s(i) = 1,2, 3, ... or Q. The sum over <i,j > isa
sum over nearest neighbours. The parameters A and A’
control the pure phase melting temperature of solutes and
solvents, respectively, and K and K’ control the solubility of
solutes into solvents and vice versa.
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MC simulations are carried out in the semigrand
canonical ensemble [41]. Note that since the mitosis method
maintains a constant cluster size, the supersaturation is
approximately constant, making simulations in the canoni-
cal ensemble (NVT) with the same average supersaturation
approximately equivalent. The MC move set consists of
particle orientation changes and particle identity swaps.
Each move type is attempted with equal probability.
Orientation moves consist of the random selection of a
lattice site, with the selection of a new orientation chosen at
random from a uniform distribution of orientations. The
move is then accepted or rejected using Metropolis
acceptance criteria. Particle identity exchanges are
performed in the semigrand canonical ensemble. The
acceptance criterion for a solvent to solute exchange is

Paccl(m(i) = 0) — (m(i) = D]

= min (ch_lexp[_B(Hm(i)—l — Hyi)=0)], 1)7

0
(10)

where f1/fj is the solvent to solute fugacity ratio and H is the
PLG Hamiltonian from Equation (9) for lattice site i
changed from a solvent to a solute.

We chose PLG parameters of A = 1.0, A’ =0,
K=25/24, K'=1.0, kgT=0.8 and fi/fo =2.25 to
correspond with conditions explored in our previous
work which examined temperature effects on the PLG
[10]. Note that the parameters reported in Ref. [10] are in
error [63]. The nucleation barriers in that work actually
correspond to the parameters listed above. This parameter
set was found to produce post-critical liquid like solute
nuclei [10]. We demonstrate the mitosis method by
reversibly dividing a nucleus of size 2n = 150 into two
nuclei of size n=75. Since nucleus structure remains
liquid-like over the whole nucleation barrier, there is no
need to constrain the nucleus to a particular structure [9].

We calculate the free energy of the PLG as a function
of distance r between the sub-clusters and ¢,,;,. Umbrella
sampling was performed using windows of width two units
along the g, -coordinate with hard walls at the window
edges [60,61]. Sampling along the r-coordinate was
unbiased. Each window was sampled using hybrid MC,
where an MC trajectory is run for one sweep, and then the
entire trajectory is accepted if the configuration lies within
the simulation window. Each window is sampled for
5,000,000 trajectories, after being equilibrated for 100,000
trajectories. The centre of mass of each sub-cluster was
constrained to a maximum displacement of one lattice site
from the pairwise interaction axis.

Figure 2 shows the free energy surface for r and gy,
for the PLG. As the interface between sub-clusters
contracts, g, decreases, r increases and the free energy
increases. Figure 2 also shows the importance of sampling
along g, and not sampling along r directly. The nature
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Figure 2. Free energy as a function of r and gui,. The inset
nuclei are typical configurations at the indicated points. Spheres
represent solute lattice sites, and the two colours (grey and red)
distinguish the sub-clusters (colour online).
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Figure 3. Free energy F(r) vs. r, the centre of mass distance
between the sub-clusters. The curve has been shifted such that
F(r) decays to 0 with increasing r.

of the free energy landscape near ¢,,;, = 6 would likely
result in hysteresis if sampling was performed along the -
coordinate alone. Snapshots of typical nuclei along g,
are shown in Figure 2.

The free energy surface shown in Figure 2 can be
projected onto a free energy as a function of r by direct
integration [60]. Applying Equation (5) to the free energy
curve in Figure 3 gives an interfacial free energy parameter
of .= 7.0. For a comparison to the conventional
approach for computing 7., we fit Equation (2) from CNT
to the results in Figure 1. The fit, shown in Figure 1, is
effectively indistinguishable from the computed free
energy as a function of nucleus size. The interfacial free
energy obtained from the CNT fit to F(n) iS Ve = 7.4.
These estimates of y.¢ differ by only 6%.

4. Conclusions

Importance of sampling methods are routinely used to
compute free energies as a function of nucleus size for
nucleation in pure component systems or from multi-
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component vapours. Motivated by CNT, these free energy
results have been used to estimate the effective driving
force and interfacial free energy parameters that are
appropriate at the length scale of critical nuclei [4].
However, such analyses have not been possible for crystal
nucleation from solution with an explicit solvent. The need
to maintain a constant chemical potential driving force and
the difficulty of particle insertion into a condensed phase
have precluded efforts to compute the free energy as a
function of nucleus size for nucleation from solution.

This paper presented a new mitosis method to directly
compute the interfacial free energy of nanoscale nuclei.
The mitosis method computes the interfacial free energy
by reversibly bisecting a seeded nucleus. The method was
tested using the PLG model of nucleation from solution.
The PLG model enabled a comparison to the conventional
approach of first computing the free energy as a function of
nucleus size. Fitting the free energy profile to a model
based on CNT with empirical chemical potential and
interfacial free energy parameters gave an interfacial free
energy within 6% of the value obtained by the mitosis
method.

Unlike the conventional method, the mitosis method
can be used for off-lattice simulations of nucleation in
multicomponent systems with an explicit solvent. Because
the composition of the surrounding solution does not
change during the bisection process, the mitosis method
avoids the need for particle insertion. The mitosis method
thus provides a practical simulation approach for under-
standing interfacial free energy effects on nucleation from
solution. By using the new approach with polymorph-
specific nucleus size coordinates, mitosis simulations may
reveal how different solvents and additives influence the
interfacial free energy of different polymorphs.
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Appendix

This appendix shows that an analysis using Poisson statistics or
an equilibrium constant with the relative population interpret-
ation of CNT does not isolate ye¢ from p.¢. The problem arises
from a need to normalise the cluster population distribution in the
metastable solution. This normalisation effectively reintroduces a
factor that depends on gy in the expression for 7yeg The
approach outlined in the main text is preferable, but we show this
alternative result only to motivate computing F(r) with the two
sub-nuclei restricted to a particular line.

As in the discussion above, we assume that CNT is
qualitatively correct in predicting the relative populations of
cluster sizes, but that effective parameters are needed to replace
the macroscopic chemical potential driving force and surface
tension parameters [4]. In that case, the average number of
clusters of size n in a system of volume V'is [23,64]

N(n) = Aexp[— pern — yerrn /1, (A1)

where A is a normalisation constant. If this expression remains
true even for clusters as small as isolated monomers (n = 1), then
we have the following equation for A:

N(1) = A exp[— tetr — Yert]- (A2)

For a small system, the probability of observing a large nucleus is
vanishingly small. Indeed, this is why nucleation requires a long
waiting time even at macroscopic system sizes [64]. The Poisson
distribution [65] can be used to compute the ratio of the
probabilities to observe a single rare nucleus of size 2n and the
probabilities to observe two rare nuclei of size n:

P[N2n) = 1] _ N(2n)e Ne»
PIN(n)=2]  N(ny’e Nw /2’

(A3)
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If the system size is small, then N(n) and N(2n) are vanishingly
small and the exponentials approach unity. The equilibrium ratio
of these two cluster sizes in a small system of volume V is
approximately

P[N(2n) = 1] _ 2N(2n)
PINm)=2] Ny’

(A4)

The ratio in Equation (A4) is a dimerisation equilibrium [66] that
can be further simplified using the pair potential F(r)

2N@2n) 1 (R .
NG _ —J e PF 0 4m2 dr. (AS)
N Vo

Here, R, is the distance at which F(r) becomes approximately
zero. The calculation is not sensitive to R, as long as the
minimum in F(r) is many times kg7 in depth. Equation (A1) can
be combined with Equation (AS) to give

2 1 Reut
Kexp[veff(z—zm)nz“]=VJ e B O4mdr. (AG)
0

Finally, inserting the definition of A and solving for 7y.¢ gives

Yeir = {2 — 2/

N(1)eter J Reu

-1 }’Hn{ v e PFO4m? dr} . (A7)

0

It is important to note two problems with the calculation
presented in this appendix. Equation (A2) which defines A is not
likely to hold for very small cluster sizes such as monomers and
dimers. Unfortunately, the normalisation constant A enters the
final expression for vy.g. This is one of the primary reasons that
we recommend the alternative procedure described in the text.
Furthermore, the effective interfacial free energy, tension
parameter 7. is not isolated from the effective driving force
parameter o

In some cases, it may be justifiable to omit the term peg {(2 —
223123 — 1371 in comparison to the log of the equilibrium
constant. However, the strategy in the text is generally preferable
because it does not require this additional approximation and
does not require Equation (A3) to hold at very small cluster sizes.



